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A new family of finite Oliver groups
satisfying the Laitinen Conjecture
Piotr Mizerka
Abstract
This paper is concerned with the Laitinen Conjecture. The conjecture pre-
dicts an answer to the Smith question [21] which reads as follows. Is it true
that for a finite group acting smoothly on a sphere with exactly two fixed
points, the tangent spaces at the fixed points have always isomorphic group
module structures defined by differentiation of the action? Using the tech-
nique of induction of group representations, we indicate a new infinite family
of finite Oliver groups for which the Laitinen Conjecture holds.
0. Introduction
P. A. Smith raised in 1960 the following question for finite groups [21,
p. 406, the footnote].
Question 0.1 (Smith question). Is it true that for a finite group acting
smoothly on a sphere with exactly two fixed points, the tangent spaces at
the fixed points have always isomorphic group module structures defined by
differentiation of the action?
Depending on the acting group, there are affirmative, as well as negative
answers to this question. Much of the work on this problem has been done by
Atiyah and Bott [1], Petrie and his students and collaborators [17],[18],[19]
and [20], Cappell and Shaneson [3][4], [2], Illman [5], Milnor [8], Laitinen,
Morimoto, Pawa lowski, Solomon and Sumi, [7], [9],[13], [14], [12], [25]. For a
comprehensive survey on the Smith problem, we refer the reader to the work
of Pawa lowski [16].
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Assume G is a finite group. Let us call two RG-modules U and V Smith
equivalent if U ∼= Tx(Σ) and V ∼= Ty(Σ) for a smooth action of G on a
homotopy sphere Σ with exactly two fixed points x and y. We say that the
Laitinen Condition is satisfied for G acting smoothly on a homotopy sphere
Σ with ΣG = {x, y} if Σg is connected for any g ∈ G of order 2k, where k ≥ 3.
The real conjugacy class of an element g ∈ G is the union (g)± = (g)∪ (g−1).
The primary number of G which we denote by prim(G) is the number of
real conjugacy classes of G containing elements whose order is divisible by at
least two distinct primes. We call G an Oliver group if there does not exist
a sequence of subgroups P E H E G such that P and G/H are of prime
power orders and H/P is cyclic.
The Laitinen Conjecture proposes negative answers to the Smith question
concerning actions on homotopy spheres. The conjecture reads as follows.
Conjecture 0.2. [7, Appendix] If G is an Oliver group with prim(G) ≥
2, then there exist non-isomorphic RG-modules U and V which are Smith
equivalent and the action of G on the homotopy sphere in question satisfies
the Laitinen Condition.
The converse conclusion is always true [7] and Conjecture 0.2 is known
to be true in the following cases, [16].
(1) G is of odd order (and thus, by the Feit-Thompson Theorem, G is solv-
able).
(2) G has a cyclic quotient of odd composite order (for example, G is a
nilpotent group with three or more noncyclic Sylow subgroups).
(3) G is a nonsolvable group not isomorphic to Aut(A6) (in the case where
G = Aut(A6), the Laitinen Conjecture is false by [10]).
(4) G satisfies the Sumi Gnil-condition (the condition is defined below).
For a prime p, let us use the notationOp(G) for the smallest normal subgroup
of G with G/Op(G) a p-group. A subgroup H of a group G is called large
if Op(G) ≤ H for some prime p. We denote by L(G) the family of all large
subgroups of G. Let us call G a gap group if there exists an RG-module
V such that for any P < H ≤ G with P of prime power order, we have
dimV P > 2 dimV H and for any L ∈ L(G), dim V L = 0 holds. Denote by
Gnil the smallest normal subgroup of G such that G/Gnil is nilpotent. We say
that G satisfies the Sumi Gnil-condition if there exist two elements a, b ∈ G of
composite order which are not real conjugate in G, the equality aGnil = bGnil
holds and at least one of the following statements holds.
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• |a| and |b| are even and the involutions of the cyclic subgroups 〈a〉 and
〈b〉 are conjugate in G.
• a and b belong to the same gap subgroup of G.
Therefore, in checking the Laitinen Conjecture, we shall focus on finite
solvable Oliver groups G of even order, such that each cyclic quotient of G is
either of even or of prime power order and G does not satisfy the Sumi Gnil-
condition. We refer to such a group G as a special Oliver group. In general,
however, Conjecture 0.2 is not true. It fails for example for G = Aut(A6)
[10] or G = S3 × A4 (see [15] for more counterexamples).
We say that two RG-modules U and V are P-matched if for any subgroup
P ≤ G of prime power order, the restrictions ResGP (U) and Res
G
P (V ) are
isomorphic as P -modules.
In 2018, Pawa lowski [16] proposed the following problem.
Problem 0.3. For which special Oliver groups G with prim(G) ≥ 2, there
exist P-matched and Smith equivalent RG-modules U and V which are not
isomorphic?
Some examples of special Oliver groups G with prim(G) ≥ 2 such that
no RG-modules in question exist were already given in [15]. We present
here, for the first time, a certain infinite family of special Oliver groups with
primary numbers at least 2, possessing pairs of P-matched Smith equivalent
RG-modules which are not isomorphic.
Suppose p and q are odd prime numbers such that q|(p− 1). Let D2pq be
the dihedral group of order 2pq and Cq be the cyclic group of order q. These
groups have the following presentations.
D2pq = 〈a, b|a
pq = b2 = 1, bab = a−1〉 and Cq = 〈c|c
q = 1〉.
Let v be a primitive root modulo p which is not divisible by q (in case q|v,
just take p + v instead of v which is also a primitive root modulo p). Put
i = v(p−1)(q−1)/q (mod pq) and note that i ≡ 1 (mod q) and the order of
i modulo p is q. Therefore i 6≡ 1 (mod pq) and iq ≡ 1 (mod pq) by the
Chinese Reminder Theorem. Consider the automorphism τ of D2pq given by
τ(a) = ai and τ(b) = b. The order of τ is q. Thus, we have a homomorphism
ϕ : Cq → Aut(D2pq), c 7→ τ . Define Gp,q as the following semidirect product.
Gp,q = D2pq ⋊ϕ Cq
The main theorem of the article can be stated as follows.
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Theorem 0.4. For any odd primes p and q with q|(p− 1), Gp,q is a special
Oliver group with prim(Gp,q) ≥ 2. Moreover, there exist non-isomorphic
P-matched Smith equivalent RGp,q-modules U and V .
Remark 0.5. Note that the theorem above confirms the Laitinen Conjecture
for Gp,q’s since the Laitinen Condition is naturally satisfied due to the lack
of elements of order divisible by 8 in Gp,q’s.
Remark 0.6. In the case where q = 2, Np = {(a
qs, 1)|s = 0, ..., p − 1} is a
normal subgroup of Gp,q isomorphic to the cyclic group of order p, such that
the quotient Gp,q/Np is a 2-group. Thus, for q = 2, Gp,q is not an Oliver
group. Moreover, any nontrivial element of Gp,q is of order 2, 4, or p, where
p is an odd prime. Therefore, by elementary character theory arguments
and the result of Atiyah and Bott [1, Thm. 7.15], any two Smith equivalent
RGp,q-modules are isomorphic.
Fix odd primes p and q such that q|(p−1). For the better presentation of
the material, let us introduce additionally the following symbols and concepts
(G denotes a finite group).
• RO(G) - the real representation group of G. Consists of formal differ-
ences U − V of RG-modules. We identify U − V with U ′ − V ′ if there
exists an RG-module W such that U ⊕ V ′ ⊕W ∼= U ′ ⊕ V ⊕W . The
addition is induced by direct sum operation.
• PO(G) - the subgroup of RO(G) containing elements U − V such that
U and V are P-matched.
• An RG-module V is said to satisfy the weak gap condition if for any
P < H ≤ G such that P is of prime power order, we have dimV P ≥
2 dimV H .
• POLw(G) - the subgroup of PO(G) containing elements which can be
written as U−V for some RG-modules U and V satisfying the weak gap
condition and such that dimWL = 0 for any L ∈ L(G) and W = U, V .
• Npq2 - the unique subgroup of Gp,q of index 2.
• IndGH : PO(H) → PO(G) - the induction homomorphism defined for
any subgroup H ≤ G by the formula U − V 7→ IndGH(U) − Ind
G
H(V ),
where IndGH(W ) denotes the induced RG-module from the RH-module
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W . This is a well-defined map since, if U and V are P-matched RH-
modules, then so are IndGH(U)− Ind
G
H(V ) as RG-modules (we comment
on this fact in the subsequent part).
The paper is organized as follows. First, we show that POLw(Npq2) 6= 0. In the
next section, we prove that Gp,q is a special Oliver group with prim(Gp,q) ≥ 2.
The third section provides, for any finite groups H ≤ G, the necessary and
sufficient condition for IndGH : PO(H) → PO(G) to be a monomorphism.
Finally, we prove Theorem 0.4 using the properties of the induction from
Npq2 to Gp,q.
From now on, all groups considered in this paper are assumed to be finite.
1. POL
w
(Npq2) is nonzero
Note that Npq2 = {(a
l, cm)|k = 0, ..., pq − 1, m = 0, ..., q − 1}. We have
(1, c)(a, 1)(1, c)−1 = (1, c)(a, 1)(1, c−m) = (1, c)(a, c−m) = (ai, 1).
Thus, under the identifications a ↔ (a, 1) and c ↔ (1, c), Npq2 can be pre-
sented as
Npq2 = 〈a, c|a
pq = cq = 1, cac−1 = ai〉.
Let
N ′pq2 = 〈α, β, γ|α
q = βp = γq = 1, γβγ−1 = βi, αβ = βα, αγ = γα〉.
Then N ′pq2 is isomorphic to the direct product of Cq = 〈α〉 with the Frobenius
group Fp,q generated by β and γ.
Lemma 1.1. Let f : N ′pq2 → Npq2 be given by f(α) = a
p, f(β) = aq and
f(γ) = c. Then f is a group isomorphism.
Proof. Note that f is a well-defined group homomorphism. Indeed, f(αq) =
apq = 1, f(βp) = apq = 1, f(γq) = cq = 1, f(γβγ−1) = caqc−1 = (cac−1)q =
aiq = f(βi), f(αβ) = ap+q = aq+p = f(βα), f(γαγ−1) = capc−1 = api =
ap = f(α). The equality api = ap follows from the fact that pq|p(i− 1) since
i ≡ 1 (mod q).
Take any alcm ∈ Npq2. Since p and q are different primes, we can find
x, y ∈ Z such that 1 = xp + yq and
f(αlxβlyγm) = aplxaqlycm = al(xp+yq)cm = alcm.
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Hence f is surjective. Let us prove that it is injective as well. Suppose
f(αxβycm) = 1. Then apx+qycm = 1 which is the case only if pq|(px+qy) and
m = 0. Since p|px and q|qy, we must have then p|qy and q|px but this means
p|y and q|x. As a consequence, αxβyγm = 1 and f has the trivial kernel.
Put u = i (mod p), r = (p − 1)/q and Z∗p/〈u〉 = v1〈u〉 ∪ ... ∪ vr〈u〉.
Following [6][25.10 Theorem] the conjugacy classes of Fp,q are as follows.
class (1) (βvj ) (γn)
representative order 1 p q
size 1 q p
# of classes of a given type 1 r q − 1
Table 1.1: Conjugacy classes of Fp,q.
where (βvj ) = {βvjs|s ∈ 〈u〉} and (bn) = {βmγn|0 ≤ m ≤ p − 1} for all
1 ≤ j ≤ r and 1 ≤ n ≤ q − 1. Let σt,x =
∑
s∈〈u〉 e
2piivtxs/p for x = 0, ..., p− 1.
We have r nonlinear irreducible characters of Fp,q given by χt(β
x) = σt,x and
χt(γ
n) = 0 for x = 0, ..., p− 1 and n = 1, ..., q− 1. They are presented in the
table below.
(1) (βvj ) (γn)
χ1 q σ1,vj 0
...
...
...
...
χr q σr,vj 0
Table 1.2: Nonlinear irreducible characters of Fp,q.
The irreducible characters of Cq are ρs : Cq → C, α 7→ ζ
s
q for s = 0, ..., q−
1, where ζq = e
2pii/q. Since the irreducible characters of direct products are
products of irreducible characters of the factor groups [6][19.18 Theorem],
the following table contains the nonlinear irreducible characters of Npq2 ∼=
Cq × Fp,q.
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g (1, 1) (1, βvj) (1, γn) (αl, βvj) (αl, γn) (αl, 1)
|g| 1 p q pq q q
|(g)| 1 q p q p 1
# (g) 1 r q − 1 (q − 1)r (q − 1)2 q − 1
ψs,t = ρs × χt q σt,vj 0 ζ
ls
q σt,vj 0 qζ
ls
q
Table 1.3: Nonlinear irreducible characters of Npq2 .
Let Np = {(1, β
s)|s = 0, ..., p − 1}. Obviously, Np is a normal subgroup
of Npq2 isomorphic to Cp.
Lemma 1.2. Oq(Npq2) = Np and O
p(Npq2) = Npq2. As a result, all L ∈
L(Npq2) contain Np as a subgroup.
Proof. It is obvious that Oq(Npq2) = Np. We show that there is no normal
subgroup of Npq2 of order q
2 which would conclude the proof.
Suppose for the converse that N is a normal subgroup of Npq2 of order q
2.
There exists g ∈ N of order q. SinceN E Npq2, we have (g) ⊆ N . We know by
Table 1.3 that g belongs to one of the following conjugacy classes: ((1, γn)),
((αl, γn)) or ((αl, 1)). Suppose g ∈ ((1, γn0)) for some n0 ∈ {1, ..., q − 1}.
Since {(1, γn)|n = 0, ..., q − 1} = 〈(1, γn0)〉 ≤ N , it follows that each class
((1, γn)) is contained in N . This yields at least p(q− 1) > q2 elements in N .
A contradiction. Let g ∈ ((αl0, γn0)) for some l0, n0 ∈ {1, ..., q − 1}. Then,
similarly as before, considering 〈(αl0, γn0)〉 ≤ N yields at least p(q − 1) > q2
elements in N and we can exclude this case as well. Thus, all elements of
order q of N belong to one of the classes ((αl, 1)). From Table 1.3 follows
that there are q − 1 elements in these classes. Moreover, every element of N
different from the identity is of order q. This yields |N | = q which is also a
contradiction.
Since characters of any group G determine FG-modules up to isomor-
phism for F = R,C, we shall use the same symbols for the characters and
the FG-modules determined by them. Moreover, if χ is the character of G
determined by some FG-module, then by dimχH we mean the fixed point
dimension over F for a subgroup H acting on this FG-module. Note that in
case χ is a character of some RG-module then all such fixed point dimensions
over R are equal as considered over C - we can treat χ as a character of a
CG-module as well.
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Lemma 1.3. Let s 6= 0 and H be a subgroup of Npq2 of order p or q
2. Then
dimψHs,t = 0 for any t = 0, ..., r.
Proof. Suppose |H| = p. Then H = Np and it follows from Table 1.3 that
dimψHs,t =
1
|H|
∑
h∈H
ψs,t(h) =
1
p
(
q +
p−1∑
x=1
σt,x
)
=
1
p
(
q +
p−1∑
x=1
∑
s∈〈u〉
e2piivtxs/p
)
=
1
p
(
q +
∑
s∈〈u〉
p−1∑
x=1
e2piivtxs/p
)
=
1
p
(
q +
∑
s∈〈u〉
(−1)
)
= 0.
If |H| = q2, then, since the only nonzero values of ψs,t on elements of order
q are taken for the classes (αl, 1), it follows that
dimψHs,t ≤
1
q2
(
q +
q−1∑
l=1
|qζ lsq |
)
<
1
q2
(q + q(q − 1)) = 1
and dimψHs,t = 0.
Corollary 1.4. If s 6= 0, then 2Reψs,t is an RNpq2-module satisfying the
weak gap condition and such that dim(2Reψs,t)
L = 0 for any L ∈ L(Npq2).
Proof. From the properties of real and complex irreducible representations,
we know that 2Reψs,t is the character of a real irreducible Npq2-module since
ψs,t is not real-valued. Take any L ∈ L(Npq2). We know by Lemma 1.2 that
Np ≤ L. Thus, by Lemma 1.3, we get
dim(2Reψs,t)
L = dim(ψs,t + ψs,t)
L = 2dimψLs,t ≥ 2 dimψ
Np
s,t = 0.
It remains to show that 2Reψs,t satisfies the weak gap condition. By means
of Lemma 1.3, this boils down to proving that
dim(2Reψs,t) ≥ 2 dim(2Reψs,t)
H
for any subgroup H ≤ Npq2 of order q. Using, once again, the information
from Table 1.3, we get
dim(2Reψs,t) = 2q > 4 ≥ 2 · 2 ·
1
q
(1 + q − 1) ≥ 2 dim(2Reψs,t)
H .
8
Lemma 1.5. Let s 6= 0. Then, for any t = 1, ..., r, the RG-modules U =
2Reψs,t and V = 2Reψq−s,t are not isomorphic and P-matched. As a result,
POLw(Npq2) 6= 0.
Proof. It follows from Table 1.3 that U and V are P-matched. Note that
U = ρs × χt and V = ρs × χt. By the similar computation as in the proof of
Lemma 1.3, we establish the Frobenius-Schur indicator of character χt.
ι(χt) =
1
|Fp,q|
∑
g∈Fp,q
χt(g
2) =
1
pq
(
q +
∑
|g|=p
χt(g
2)
)
=
1
pq
(
q +
∑
|g|=p
χt(g)
)
=
1
pq
(
q +
p−1∑
x=1
σt,x
)
= 0.
Thus, χt is not real-valued and we can take x = 0, ..., p − 1 such that
Im(χt(β
x)) 6= 0. Now, take l = 1, ..., q − 1 and put g = (αl, βx). Clearly, g is
an element of order pq. Then, the character of U evaluated on g is equal to
the number
χU(g) = 2Reψs,t(g) = 2Re(ρs(α
l)χt(β
x))
= 2(Re(ρs(α
l)) Re(χt(β
x))− Im(ρs(α
l)) Im(χt(β
x))).
Analogously, the character of V evaluated on g is equal to
χV (g) = 2Reψq−s,t(g) = 2Re(ρs(αl)χt(β
x))
= 2(Re(ρs(α
l)) Re(χt(β
x)) + Im(ρs(α
l)) Im(χt(β
x)))
6= χU(g).
2. Gp,q is a special Oliver group with prim(Gp,q) ≥ 2
We divide the material contained in this section into three parts. In
the first, we determine conjugacy classes of Gp,q. Using this, we show that
prim(Gp,q) ≥ 2. In the next part, we establish all normal subgroups of
Gp,q and infer the necessary information concerning the quotients of Gp,q.
Finally, we use the performed computations to prove that Gp,q is an example
of a special Oliver group.
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2.1. Conjugacy classes of Gp,q
Any element of Gp,q is either of the form x1 = (ba
l, cm) or x2 = (a
l, cm)
for some l = 0, ..., pq − 1 and m = 0, ..., q − 1. In the first case, its inverse
x−11 = (ba
li−m , c−m), while in the second x−12 = (a
−li−m , c−m).
Let g ∈ Gp,q. We have the following possibilities.
(1) g = (bal0 , cm0). Then
x1gx
−1
1 = (ba
l(1+im0 )−l0im, cm0) and x2gx
−1
2 = (ba
−l(1+im0 )+l0im , cm0).
Note that the expression l(1+ im0)− l0i
m can take any remainder modulo
pq. Since i ≡ 1 (mod q), it follows that l(1+ im0)− l0i
m ≡ 2l− l0 (mod q)
and substituting subsequent values for l = 0, ..., pq−1, we can obtain any
pair of remainders of l(1 + im0)− l0 modulo p and q. We conclude then
from the Chinese Remainder Theorem, that for any l′ = 0, ..., pq−1, there
exist l = 0, ...pq−1 such that l(1+im0)−l0i
0 = l(1+im0)−l0 ≡ l
′ (mod pq).
Therefore
(g) = {(bal, cm0)|l = 0, ..., pq − 1}.
Note that (b, cm0)n = (bn, cnm0). Hence |g| = 2q if m0 6= 0 and |g| = 2 if
m0 = 0.
(2) g = (al0 , cm0), where m0 6= 0. Then
x1gx
−1
1 = (a
l(im0−1)−l0im, cm0) and x2gx
−1
2 = (a
−l(im0−1)+l0im, cm0).
We have l(im0 − 1) − l0i
m ≡ −l0 (mod q) and substituting subsequent
values for l, we can achieve all remainders modulo p of l(im0 − 1)− l0i
m.
If r0 is the remainder modulo q of l0, it follows then that
(g) = {(ar0+lq, cm0), (a−r0+lq, cm0)|l = 0, ..., p− 1}.
For any n ≥ 0
gn = (al0(1+i
m0+...+i(n−1)m0), cm0) = (al0·
1−inm0
1−im0 , cnm0).
Thus q||g|. On the other hand p|1−i
qm0
1−im0
since 1 − iqm0 is divisible by pq
and p ∤ 1 − im0 . Moreover, 1 + im0 + ... + i(q−1)m0 ≡ q ≡ 0 (mod q), so
pq|1−i
qm0
1−im0
and |g| = q.
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(3) g = (al0 , 1). The computations of conjugacy class elements reduce then
to
x1gx
−1
1 = (a
−l0im , 1) and x2gx
−1
2 = (a
l0im , 1).
If p ∤ l0, then all the numbers from the set Sl0 = {±l0i
m|m = 0, ..., q− 1}
give different remainders modulo p - this follows from the definition of i.
Thus, we have (p − 1)/2 such conjugacy classes, each with 2q elements
and
(g) = {(al0i
m
, 1), (a−l0i
m
, 1)|m = 0, ..., q − 1}
Moreover, for any n ≥ 0, gn = (anl0 , 1), so |g| = pq if q ∤ l0 and |g| = p if
q|l0.
If p|l0 and q ∤ l0, then the set Sl0 reduces to two elements, (a
l0 , 1) and
(a−l0 , 1). We have (q − 1)/2 such classes and
(g) = {(al0 , 1), (a−l0, 1)} and |g| = q.
Finally, the last class left is the class of the identity element, (g) =
{(1, 1)}.
The following table summarizes the information about the conjugacy classes
of Gp,q and orders of its elements.
g (1, 1) B Es Cm Dr,m Fs Bm Al
|g| 1 2 p q q q 2q pq
|(g)| 1 pq 2q p 2p 2 pq 2q
# (g) 1 1 1
2
r q − 1 1
2
(q − 1)2 1
2
(q − 1) q − 1 1
2
(q − 1)r
Table 2.1: Conjugacy classes of Gp,q.
where
B = (b, 1), Es = (a
qs, 1), s = 1, ..., p− 1,
Cm = (1, c
m), m = 1, ..., q − 1, Dr,m = (a
r, cm), m = 1, ..., q − 1, q ∤ r,
Fs = (a
ps, 1), s = 1, ..., q − 1, Bm = (b, c
m), m = 1, ..., q − 1,
Al = (a
l, 1), p, q ∤ l.
Lemma 2.1. prim(Gp,q) =
1
2
(q − 1)(r + 1). Thus prim(Gp,q) ≥ 2.
11
Proof. We establish first the real conjugacy classes of Gp,q whose elements
are not of prime power order. Let g ∈ G be such an element. Obviously,
we can consider only those g which are the distinguished conjugacy class
representatives. It follows from Table 2.1 that g ∈ (Bm) or g ∈ (Al) for some
m = 1, ..., q − 1 and l not divisible by p and q. In the first case, g = (b, cm)
and g−1 = (b, c−m), so (g) 6= (g−1). This yields (q − 1)/2 real conjugacy
classes of the form (Bm)
± = (Bm) ∪ (Bq−m) for any m = 1, ..., (q − 1)/2. In
case g ∈ (Al), we have g = (a
l, 1) and g−1 = (a−l, 1) and g is conjugate to
g−1,
(b, 1)(al, 1)(b, 1)−1 = (a−l, 1).
Thus, each of the classes (Al) constitute the real conjugacy class. Therefore
prim(Gp,q) =
1
2
(q − 1) +
1
2
(q − 1)r =
1
2
(q − 1)(r + 1).
2.2. Normal subgroups and quotients of Gp,q
Lemma 2.2. If N E Gp,q, then |N | ∈ {1, p, q, pq, 2pq, pq
2, 2pq2}.
Proof. |G| has the following set of divisors
{1, 2, p, q, 2p, 2q, pq, q2, 2pq, 2q2, pq2, 2pq2}.
We show that |N | /∈ {2, 2p, 2q, q2, 2q2}. Assume 2||N |. Then there is some
element of order 2 in N . Since N is a normal subgroup of Gp,q, it follows from
Table 2.1 that (B) ⊆ N and thus |N | ≥ pq. Observe that pq > 2, 2p, 2q, 2q2.
Hence |N | /∈ {2, 2p, 2q, 2q2}.
Now, suppose |N | = q2. We conclude from Table 2.1 that N E Npq2 .
However, this possibility was already excluded in the proof of Lemma 1.2.
Consider the following subgroups of Gp,q.
N2pq = {(b
εal, 1)|ε = 0, 1, l = 0, ..., pq − 1} Np = {(a
qs, 1)|s = 0, ..., p− 1}
Nq = {(a
ps, 1)|s = 0, ..., q − 1} N1pq = {(a
l, 1)|l = 0, ..., pq − 1}
and
N2pq = {(a
qs, cm)|s = 0, ..., p− 1, m = 0, ..., q − 1}.
Lemma 2.3. Npq2, N2pq, N
1
pq, N
2
pq, Np and Nq are the only proper normal sub-
groups of Gp,q. Moreover, N2pq ∼= D2pq, N
1
pq
∼= Cpq, N
2
pq
∼= Fp,q, Np ∼= Cp and
Nq ∼= Cq.
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Proof. It follows from Table 2.1 that all the subgroups mentioned in the
Lemma consist of the whole conjugacy classes and thus are normal. Clearly,
N2pq ∼= D2pq, N
1
pq
∼= Cpq, N
2
pq
∼= Fp,q (since N
2
pq is not abelian and the unique
nonabelian group of order pq is Fp,q), Np ∼= Cp and Nq ∼= Cq. We show that
there are no other proper normal subgroups in Gp,q.
Assume for the converse that there exists a proper normal subgroup N of
Gp,q such that N /∈ {Np, Nq, N
1
pq, N
2
pq, N2pq, Npq2}. From Lemma 2.2, we have
|N | ∈ {p, q, pq, 2pq, pq2}.
If |N | = pq2, then the only possibility is N = Npq2 which is a contradic-
tion.
Suppose |N | = 2pq. Then there exists an element of order 2 contained in
N . Thus, (B) ⊆ N . Since N 6= N2pq, it follows that g = (x, c
m) ∈ N for some
x ∈ D2pq and m 6= 0. Since (1, 1) ∈ N , (B) ⊆ N and |{(1, 1)}∪(B)| = pq+1,
it follows that |(g)| < pq. We conclude then from Table 2.1 that g ∈ (Cm)
or g ∈ (Dr,m) for some r not divisible by q. Thus Cm ∈ N or Dr,m ∈ N .
Suppose Dr,m ∈ N . Then, for n ≥ 0,
Dnr,m = (a
r(1+im+...+i(n−1)m), cnm)
and Dnr,m ∈ Drn,(nm (mod q)) for any n = 1, ..., q − 1, where rn 6= 0. Hence
S = (Dr,m) ∪ (Dr2,(2m (mod q))) ∪ ... ∪ (Drq−1,((q−1)m (mod q))) ⊆ N . However,
|S| = 2p(q − 1) > pq. A contradiction. This means that Cm ∈ N . Therefore
〈Cm〉 ≤ N and thus, for any m = 1, ..., q− 1, (Cm) ⊆ N . On the other hand,
|(C1)∪ ...∪ (Cq−1)| = p(q− 1) < pq− 1 which means that Dr,m ∈ N for some
m 6= 0 and q ∤ r which we have already excluded.
Assume |N | = pq. Then N has no element of order 2 and, since N 6= N1pq,
Cm ∈ N or Dr,m ∈ N for some m 6= 0 and q ∤ r. The latter case implies
|N | > pq. If Cm ∈ N , then, since |{(1, 1)} ∪ (C1) ∪ ... ∪ (Cq−1)| < pq, it
follows that one of the elements Al or Fs is contained in N for some p, q ∤ l
and s = 1, ..., q−1. If Al ∈ N , again, we obtain a contradiction for this leads
to |N | > pq (for 〈Al〉 = N
1
pq). If Fs ∈ N , then (F1) ∪ ... ∪ (Fq−1) ⊆ N . On
the other hand, there exist an element of order p in N and we conclude from
Table 2.1 that (E1) ∪ ... ∪ (Ep−1) ⊆ N . Thus,
|N | ≥ |{(1, 1)} ∪
q−1⋃
r=1
(Cr) ∪
q−1⋃
s=1
(Fs) ∪
p−1⋃
t=1
(Et)|
= 1 + p(q − 1) + 2 ·
1
2
(q − 1) + 2q ·
1
2
r = pq + q − 1 > pq.
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Thus, Fs /∈ N for any s = 1, ..., q − 1 and
N = {(1, 1)} ∪ (C1) ∪ ... ∪ (Cq−1) ∪ (E1) ∪ ... ∪ (Ep−1) = N
2
p,q
which contradicts our assumption.
Let |N | = q and g ∈ N be an element of order q. If g ∈ (Cm) or g ∈ Dr,m
for some m 6= 0 and q ∤ r, we conclude from Table 2.1 that this implies
|N | > q. Thus, g ∈ (Fs) which means that it is impossible that N 6= Nq.
If |N | = p, Table 2.1 leads immediately to the contradiction.
Corollary 2.4. Op(Gp,q) = Gp,q, O
q(Gp,q) = N2pq and O
2(Gp,q) = Npq2.
Thus L(Gp,q) = {N2pq, Npq2, Gp,q}.
Since Gp,q is the semidirect product of D2pq and Cq, it can be presented
as follows. Gp,q = 〈a, b, c|a
pq, b2, bab−1 = a−1, cq, cac−1 = ai, cbc−1 = b〉 and
we can identify a with (a, 1), b with (b, 1) and c with (1, c).
Lemma 2.5. Gp,q/N
1
pq
∼= C2q, Gp,q/N
2
pq
∼= D2q, Gp,q/Np ∼= Cq × D2q and
Gp,q/Nq is a group not of prime power order which is not nilpotent.
Proof. Define ϕ1pq : Gp,q → C2q = 〈d|d
2q = 1〉 by ϕ1pq(a) = 1, ϕ
1
pq(b) = d
q,
ϕ1pq(c) = d
q. Obviously
ϕ1pq(a
pq) = ϕ1pq(b
2) = ϕ(cq) = ϕ1pq(baba) = 1
and
ϕ1pq(cac
−1) = ϕ1pq(a
i) = ϕ1pq(cbc
−1b−1) = 1
and ϕ1pq is a well-defined group homomorphism. It is easy to observe that
Kerϕ1pq = N
1
pq and that ϕ
1
pq is surjective. Thus Gp,q/N
1
p,q
∼= C2q.
Let ϕ2pq : Gp,q → D2q = 〈d, e|d
q = e2 = 1, ede = d−1〉 be given by ϕ2pq(a) =
d, ϕ2pq(b) = e and ϕ
2
pq(c) = 1. We have
ϕ2pq(a
pq) = ϕ2pq(b
2) = ϕ(cq) = ϕ2pq(baba) = ϕ
2
pq(cbc
−1b−1) = 1
and
ϕ2pq(cac
−1) = d = di = ϕ2pq(a
i).
Thus ϕ2pq is a well-defined epimorphism. Moreover,
bεalcm ∈ Kerϕ2pq ⇔ e
εdl = 1⇔ ε = 0, q|l, m = 0, ..., q − 1
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and Kerϕ2pq = {(a
qs, cm)|s = 0, ..., p− 1, m = 0, ..., q − 1} = N2pq.
Put ϕp : Gp,q → Cq × D2q = 〈d|d
q = 1〉 × 〈e, f |eq = f 2 = 1, fef = e−1〉,
ϕp(a) = (1, e), ϕp(b) = (1, f) and ϕp(c) = (d, 1). Obviously,
ϕp(a
pq) = ϕp(b
2) = ϕp(c
q) = ϕp(baba) = ϕp(cbc
−1b−1) = (1, 1).
Moreover, ϕp(cac
−1) = (1, e) and ϕp(a
i) = (1, ei). Since i ≡ 1 (mod q), it
follows that (1, ei) = (1, e). Hence ϕp is a well-defined homomorphism. Ob-
viously, ϕp is surjective and b
εalcm ∈ Ker(ϕp)⇔ m = 0, ε = 0, q|l. Therefore
Ker(ϕp) = {a
qs|s = 0, ..., p− 1} = Np.
Since the order of Gp,q/Nq equals 2pq, Gp,q/Nq is not of prime power
order. Suppose for the converse that Gp,q/Nq is nilpotent. This means that
Gp,q/Nq is the direct product of its Sylows and, since |Gp,q/Nq| is the product
of three distinct primes, we conclude that Gp,q/Nq has to be cyclic. Let dNq
be the generator of Gp,q/Nq. If d = (ba
l, cm) for some l = 0, ..., pq − 1 and
m = 0, ..., q − 1, then |d| ≤ 2q and it follows that (dNq)
2q = 1 in Gp,q/Nq.
This contradicts that Gp,q/Nq is of order pq. Thus, d = (a
l, cm). If m 6= 0,
then dq = (1, 1) and we obtain a contradiction. Hence, d = (al, 1). In this
case, however, dp = (apl, 1) ∈ Nq which leads, again, to a contradiction.
2.3. Gp,q is a special Oliver group
We will need the following results of Sumi.
Theorem 2.6. [24][Theorem 1.2] Let G be a group with no large subgroup of
prime power order. Moreover, suppose that [G : O2(G)] = 2 and Op0(G) 6= G
for a unique odd prime p0 and that G does not have an element of order
divisible by 4 and there is an element g ∈ G of order 2 not belonging to
O2(G) such that 2|O2(CG(g))| ≥ |CG(g)|. Then G is not a gap group.
Lemma 2.7. [23][p.35, first paragraph] If G is a group which has a large
subgroup of prime power order, then G is not a gap group.
Lemma 2.8. [22][pp. 982,984] For any n ≥ 3, the dihedral group D2n is not
a gap group.
Now, we can prove the following.
Lemma 2.9. N1pq, N2pq, Npq2 and Gp,q are not gap groups.
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Proof. Let us prove that Gp,q is not a gap group by means of Theorem 2.6.
By Corollary 2.4 and the fact that Gp,q does not have an element of order
divisible by 4, it suffices to show that there exists an element g ∈ G of order
2 not belonging to O2(G) = Npq2 such that 2|O
2(CG(g))| ≥ |CG(g)|. We
show that this holds for g = (b, 1). We have
(bεal, cm)(b, 1) = (b, 1)(bεal, cm)⇔ (bεalb, cm) = (b1+εal, cm)
which holds if and only if l = 0. Thus CGp,q(g) = {(b
ε, cm)|ε = 0, 1, m =
0, ..., q − 1} ∼= C2q. Obviously O
2(C2q) ∼= Cq and therefore the inequality
2|O2(CG(g))| ≥ |CG(g)| holds. Hence Gp,q is not a gap group.
Note that both N1pq and Npq2 contain Np as a normal subgroup (since
Np E Gp,q). Thus O
q(N1pq) = O
q(Npq2) = Np and Np is a large subgroup for
both N1pq and Npq2 . Hence, we get from Lemma 2.7 that N
1
pq and Npq2 are
not gap groups.
The statement for N2pq is the direct corollary from Lemma 2.8.
Lemma 2.10. Gp,q has no cyclic quotient of odd composite order and Gp,q
does not satisfy the Sumi Gnilp,q-condition.
Proof. It follows by Lemma 2.3 and Lemma 2.5 that Gp,q has no cyclic quo-
tient of odd composite order. It follows by Lemma 2.5 that Gnilp,q = N
1
pq.
Assume xN1pq = yN
1
pq for some elements x, y ∈ Gp,q of even order. This
means that x = (bal, cm) and y = (bal
′
, cm
′
) for some l, l′ = 0, ..., pq − 1 and
m,m′ = 0, ..., q − 1 and
xy−1 = (al
′im−m
′
−l, cm−m
′
) ∈ N1pq.
Thus m′ = m and (x) = (y) by Table 2.1.
Suppose there exist x′, y′ ∈ Gp,q of composite order such that one of them,
say x′, is of odd order. Then x′ ∈ N1pq by Table 2.1. Thus, the only subgroups
of Gp,q which can contain both x
′ and y′ must have N1pq as a subgroup. These
subgroups are precisely N1pq, N2pq, Npq2 and Gp,q. We showed in Lemma 2.9
that they are not gap groups. This shows that Gp,q does not satisfy the Sumi
Gnilp,q-condition.
Lemma 2.11. Npq2 has no normal subgroup P of prime power order such
that the quotient Npq2/P is cyclic. The same statement holds for N2pq.
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Proof. Suppose that P E Npq2 and Npq2/P is cyclic. Then |P | ∈ {1, p, q, q
2}.
If |P | = 1, then Npq2/P ∼= Npq2 and we obtain a contradiction. The case
|P | = q2 is not possible by the proof of Lemma 1.2. Let |P | = q and Npq2/P =
〈(al, cm)P 〉. We know from the proof of Lemma 2.5 that (al, cm)q = (1, 1).
Thus |Npq2/P | ≤ q which is a contradiction since |Npq2/P | = pq. Therefore
|P | = p. In this case, however, it follows from Lemma 1.1 and Table 1.3 that
P = Np. Suppose Npq2/P = 〈(a
l, cm)P 〉. As before, |Npq2/P | ≤ q which is
not possible.
Assume that there exists P E N2pq of prime power order such thatN2pq/P
is cyclic. Then |P | ∈ {1, 2, p, q}. Obviously, P cannot be the trivial subgroup
and, since there is no normal subgroup of order 2 in N2pq, it follows that
|P | ∈ {p, q}. This means that P is a subgroup of N1pq. If |P | = p, then
P = {(aqs, 1)|s = 0, ..., p − 1}. Since |(bal, 1)| = 2 for any l = 0, ..., pq − 1,
it follows that N2pq/P = 〈(a
l, 1)P 〉. Suppose (al, 1)nP = (bal
′
, 1)P for some
n ≥ 0 and l′ = 0, ..., pq−1. This means that (bal
′−l, 1) = (bal
′
, 1)(al, 1)−1 ∈ P .
A contradiction which implies that N2pq/P is not cylic. The case |P | = q is
analogous.
Lemma 2.12. Gp,q is a special Oliver group.
Proof. Obviously, Gp,q is not of odd order. Since D2pq and Cq are solv-
able groups, it follows that Gp,q, as the semidirect product of D2pq and Cq,
is solvable as well. Moreover, by Lemma 2.10, we know that Gp,q has no
cyclic quotient of odd composite order and does not satisfy the Sumi Gnilp,q-
condition. Thus, we only have to show that Gp,q is an Oliver group. Sup-
pose for the converse that this is not true. Then, there exist subgroups
P E H E Gp,q such that Gp,q/H and P are of prime power orders and H/P
is cyclic. Then, by Lemma 2.2, |H| ∈ {2pq, pq2, 2pq2} and thus, by Lemma
2.3, H ∈ {N2pq, Npq2, Gp,q}. However, by Lemmas 2.3, 2.5 and 2.11, it fol-
lows that neither of the groups N2pq, Npq2 and Gp,q has a normal subgroup
of prime power order such that the quotient by it is cyclic. This concludes
the proof.
3. When IndG
H
: PO(H)→ PO(G) is a monomorphism?
Assume H is a subgroup of a group G and consider the induction homo-
morphism
IndGH : RO(H)→ RO(G), U − V 7→ Ind
G
H(U)− Ind
G
H(V ).
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Theorem 3.1. [6, 21.23. Theorem] Let χ be a character of H and g ∈ G.
Then, we have two possibilities.
(1) if H ∩ (g) = ∅, then IndGH(χ)(g) = 0.
(2) if H ∩ (g) 6= ∅, then
IndGH(χ)(g) = |CG(g)|
( χ(h1)
|CH(h1)|
+ . . .+
χ(hm)
|CH(hm)|
)
,
where CK(x) denotes the centralizer of the element x of the group K and
h1, . . . , hm are the representatives of all the distinct conjugacy classes in H
of the elements of the set H ∩ (g).
The above theorem shows that we have a well-defined restriction
IndGH : PO(H)→ PO(G).
Let s denote the number of real conjugacy classes of G which have nonzero
intersection with H and whose elements are not of prime power order. Put
t = prim(H) and let m be the number of real conjugacy classes of G. Obvi-
ously, s ≤ t.
Consider the image Im(IndGH : PO(H)→ PO(G)). Clearly, it is a torsion-
free subgroup of PO(G) and it has a well-defined rank as the minimum ≥ 0
such that Im(IndGH : PO(H) → PO(G))
∼= Zr. Thus, IndGH : PO(H) →
PO(G) is a monomorphism if and only if r = t.
If A is a matrix with entries in the field K, then we denote by rankK(A)
the rank of A over K.
Lemma 3.2. Assume A ∈ GL(n,C) is of finite order. Then tr(A−1) = tr(A).
Lemma 3.3. The rank of Im(IndGH : PO(H)→ PO(G)) is at most s, that is
r ≤ s.
Proof. Pick the bases ǫ = {ε1, ..., εt} and ǫ
′ = {ε′1, ..., ε
′
t′} of PO(H) and
PO(G) respectively (t′ = prim(G)). We use the column convention for el-
ements from PO(H) and PO(G) - we represent them as t × 1 and t′ × 1
vectors respectively, where the coordinates are given by the bases ǫ and ǫ′
accordingly. The induction map is a linear map and denote by M its matrix
form in bases ε and ε′.
Let (g1)
±, ..., (gt′)
± be the ordered list of all real conjugacy classes of G
whose elements are not of prime power order and let χ be the map which
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evaluates the characters of the elements of PO(G) on the classes (gi)
± for
i = 1, ..., t′. Note by Lemma 3.2 that χ is well-defined and
χ : PO(G)→ Rt
′
ε′j 7→


ε′j(g1)
...
ε′j(gt′)

 .
Let X = (χij)1≤i,j≤t′ be the matrix of χ, that is χij = ε
′
j(gi). Clearly,
rankR(X) = t
′. Consider the composition
χ ◦ IndGH : PO(H)
IndGH−−−→ PO(G)
χ
−→ Rt
′
.
The matrix of χ ◦ IndGH is a t
′ × t matrix A = (aij)1≤i≤t′,1≤j≤t given by A =
XM . Thus, aij = Ind
G
H(εj)(gi) for 1 ≤ i ≤ t
′ and 1 ≤ j ≤ t. It follows from
Theorem 3.1 that rankR(A) ≤ s. On the other hand, since rankR(X) = t
′, it
follows that rankR(M) = rankR(A). Therefore rankR(M) ≤ s.
Now, since M is an integer matrix and R is an extension of Q, we con-
clude that the real rank of M equals its rational rank, that is rankR(M) =
rankQ(M) = r
′. We show that r = r′ which would mean that r ≤ s and
would complete the proof.
Obviously, r ≥ r′. Let V = 〈ε′1, ..., ε
′
t′〉. Take any r
′ + 1 elements
v1, ..., vr′+1 from Im(Ind
G
H : PO(H) → PO(G)). They can be considered as
vectors from V . Note that they are linearly dependent (over Q), since the
dimension of Im(IndGH : PO(H) → PO(G)) considered as a subspace of V
equals r′. Let
α1v1 + ...+ αr′+1vr′+1 = 0 (1)
be a nontrivial combination. Suppose {αi1 , ..., αik} is the set of all nonzero
coefficients and αij = pj/qj, where pj , qj ∈ Z\{0} for 1 ≤ j ≤ k. Multiplying
both sides of equality (1) by q1...qk, we get a nontrivial integer combination
of vj ’s. Thus r ≤ r
′ and, as a result, r = r′.
Lemma 3.4. IndGH : PO(H) → PO(G) is a monomorphism if and only if
(h)±G ∩H = (h)
±
H for any h ∈ H not of prime power order.
Proof. Suppose that for any h ∈ H not of prime power order we have (h)±G ∩
H = (h)±H . Let x1 and x2 be two different elements of PO(H). We must
show that IndGH(x1) 6= Ind
G
H(x2). There exists h ∈ H not of prime power
19
order with x1(h) 6= x2(h). We have two possibilities. The first one is when
(h)H = (h
−1)H = (h)
±
G ∩H . Thus
(h)G ∩H = (h
−1)G ∩H = (h)
±
G ∩H = (h)
±
H = (h)H
and it follows by Theorem 3.1 that
IndGH(x1)(h) =
|CG(h)|
|CH (h)|
x1(h) and Ind
G
H(x2)(h) =
|CG(h)|
|CH (h)|
x2(h).
Therefore IndGH(x1)(h) 6= Ind
G
H(x2)(h) since x1(h) 6= x2(h). In the second
possibility, we have (h)H 6= (h
−1)H . If (h)G ∩ H = (h)H , we have already
proved the assertion. Assume (h)H ( (h)G ∩H . Note that
((h)G ∩H) ∪ ((h
−1)G ∩H) = (h)
±
G ∩H = (h)H ∪ (h
−1)H .
Clearly (h−1)H ⊆ (h
−1)G ∩ H , which in connection with (h)H ( (h)G ∩ H
gives from the equalities above (h)G ∩ H = (h
−1)G ∩ H = (h)H ∪ (h
−1)H .
Note that |CH(h)| = |CH(h
−1)|. Thus by Theorem 3.1 and Lemma 3.2, we
get
IndGH(x1)(h) = 2
|CG(h)|
|CH(h)|
x1(h) and Ind
G
H(x2)(h) = 2
|CG(h)|
|CH (h)|
x2(h).
Thus IndGH(x1)(h) 6= Ind
G
H(x2)(h).
We prove now the converse. Suppose IndGH : PO(H) → PO(G) is a
monomorphism. Assume for the contrary that there exists h ∈ H not of
prime power order with (h)±G ∩ H 6= (h)
±
H . Then (h)
±
H ( (h)
±
G ∩ H and
thus s < t. Hence, it follows by Lemma 3.3 that rank(Im(IndGH : PO(H) →
PO(G))) < t and IndGH : PO(H)→ PO(G) is not injective which is a contra-
diction with our assumption.
Corollary 3.5. Assume N is a normal subgroup of G. Then IndGN : PO(N)→
PO(G) is a monomorphism if and only if (n)±G = (n)
±
N for any n ∈ N not of
prime power order.
Corollary 3.6. Ind
Gp,q
N
pq2
: PO(Npq2)→ PO(Gp,q) is a monomorphism.
Proof. By Corollary 3.5, it suffices to show that for any n ∈ Npq2 not of prime
power order, we have (n)±Gp,q = (n)
±
N
pq2
. We know by Table 2.1 that n has
to be of order pq and n = (al, 1) for some l not divisible by p and q. From
the proof of Lemma 2.1, we know that n−1 = (a−l, 1) and n are conjugate in
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Gp,q. Thus (n)
±
Gp,q
= (n)Gp,q . On the other hand n and n
−1 are not conjugate
in Npq2. Otherwise, there would exists (a
l′, cm
′
) such that
(al
′
, cm
′
)(al, 1)(al
′
, cm
′
)−1 = (a−l, 1).
Thus (ali
m′
, 1) = (a−l, 1) which cannot be true since lim
′
≡ l 6≡ −l (mod q)
for q ∤ l. Therefore (n−1)N
pq2
6= (n)N
pq2
and it follows by Table 1.3 that
|(n±)N
pq2
| = 2q. On the other hand, |(n)±Gp,q | = |(n)Gp,q | = 2q, and the
assertion follows.
4. Proof of Theorem 0.4
We use the following result of Morimoto.
Theorem 4.1. [11, Theorem 1.9] Let H be a subgroup of an Oliver group
G. If U − V ∈ POLw(H), then there exists an RG-module W such that
IndGH(U)⊕W and Ind
G
H(V )⊕W are Smith equivalent RG-modules.
We can prove now the main theorem of this paper.
Proof of Theorem 0.4. Lemmas 2.1 and 2.12 tell us that Gp,q is a special
Oliver group with primary number at least 2. By Lemma 1.5, there exist
non-isomorphic RG-modules U and V with U − V ∈ POLw(Npq2). Thus, by
Corollary 3.6, Ind
Gp,q
N
pq2
(U) and Ind
Gp,q
N
pq2
(V ) are not isomorphic RGp,q-modules.
Moreover, by Theorem 4.1, it follows that there exists an RGp,q-module W
such that Ind
Gp,q
N
pq2
(U)⊕W and Ind
Gp,q
N
pq2
(V )⊕W are Smith equivalent. Obvi-
ously, these modules are not isomorphic.
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